Introduction
Let G and H be groups each of which acts upon the other (on the right),
and on itself by conjugation, in such a way that for all g, g 1 ∈ G and h, h 1 ∈ H,
(1) g (h g 1 ) = g In this situation we say that G and H act compatibly on each other. Let H ϕ be an extra copy of H, isomorphic via ϕ : H → H ϕ , h → h ϕ , for all h ∈ H. Consider the group η(G, H) defined in [Nak00] as
We observe that when G = H and all actions are conjugations, η(G, H) becomes the group ν(G) introduced in [Roc91] :
It is a well known fact (see [Nak00, Proposition 2.2]) that the subgroup [G, H ϕ ] of η(G, H) is canonically isomorphic with the non-abelian tensor product G ⊗ H, as defined by R. Brown and J.-L. Loday in their seminal paper [BL87] , the isomorphism being induced by g⊗h → [g, h ϕ ] (see also Ellis and Leonard [EL95] ). It is clear that the subgroup [G, H ϕ ] is normal in η(G, H) and one has the decomposition
where the dots mean (internal) semidirect products. In particular,
An element α ∈ η(G, H) will be called a tensor if α = [a, b ϕ ] for suitable a ∈ G and b ∈ H. We write T ⊗ (G, H) to denote the set of all tensors.
Taking to account the actions of H on G and of G on H, we denote by
In particular, if G = H and all actions are conjugations, then the subgroup [G, H] is the derived subgroup G ′ . If g ∈ G and h ∈ H, it is customary to write [g, h] rather that g −1 g h . In the present paper we want to study the following question: If we assume certain restrictions on the set T ⊗ (G, H), how does this influence in the structure of the groups [G, H ϕ ] and η(G, H)? For elements x, y of an arbitrarily group G we define [x,
According to the positive solution of the Restricted Burnside Problem (Zelmanov, [Zel91a, Zel91b] ) every residually finite group of bounded exponent is locally finite. Following Zelmanov's solution, Wilson proved that if G is a left n-Engel residually finite group, then G is locally nilpotent [Wil91] . Later, Shumyatsky established that if G is residually finite and every commutator is left n-Engel, then G ′ is locally nilpotent [Shu99b] . Another interesting result in this context, also due to Shumyatsky [Shu05] , states that if G is a residually finite group satisfying a non-trivial identity and generated by a normal commutator-closed set of p-elements, then G is locally finite. A subset X of a group G is called commutator-closed if [x, y] ∈ X whenever x, y ∈ X.
In the article [BR16] In the same paper [BR16] we also proved that if G is a residually finite group in which for every x, y ∈ G there exists a p-power q = q(x, y),
is locally virtually nilpotent. In the present context of groups G and H acting compatibly one on each other, we prove: Theorem 1.2. Let n be a positive integer and G, H be groups acting compatibly on each other such that [G, H] satisfies some non-trivial identity. Assume that G is residually finite and that every tensor is left n-Engel in η(G, H). Then the non-abelian tensor product [G, H ϕ ] is locally nilpotent.
We do not know whether the hypothesis that [G, H] satisfies some non-trivial identity is really necessary in Theorem 1.2. The proof presented here uses this assumption in a very essential way. This suggests the following question: Question 1.3. Let n be a positive integer and G, H be groups acting compatibly on each other. Assume that G is residually finite and every tensor is left n-Engel in η(G, H).
The paper is organized as follows. In the next section we collect some structural results to the non-abelian tensor product [G, H ϕ ] and related constructions which are later used in the proofs of our main results. In Section 3 we describe some important ingredients of what is often called "Lie methods in group theory". Section 4 contains the proofs of the main theorems.
Preliminary results
Throughout the rest of the paper we assume that G and H be groups acting compatibly on each other.
The following result is a consequence of [BL87, Proposition 2.3].
Lemma 2.1. The following relations hold in η(G, H) for all g, x ∈ G and h, y ∈ H.
There is an epimorphism λ :
The next Lemma is an immediate consequence of Lemma 2.1 (ii).
Proof. Note that X is a normal subset of G. Choose arbitrarily elements g, x ∈ G and h ∈ H. Thus
where g x ∈ G and h x ∈ H. It follows that [g, h]
x ∈ X. It remains to show that X is a commutator-closed subset. Choose arbitrarily elements g, x ∈ G and h, y ∈ H. By Lemma 2.1 (ii),
When G = H and all actions are conjugations, the epimorphism
Lemma 2.4. Let n be a positive integer, G and H be groups acting compatibly on each other and elements g ∈ G, h ∈ H.
(a) If the tensor [g, h ϕ ] has order dividing n, then the element [g, h] has order dividing n.
Proof. (a). It is sufficient to see that
for every x ∈ G and so [g, h] is left n-Engel in G.
By the decomposition (2) of η(G,
Lemma 2.5. The derived subgroup of η(G, H) is given by
Associated Lie Algebras
Let L be a Lie algebra over a field K. We use the left normed notation: thus if l 1 , l 2 , . . . , l n are elements of L, then
We recall that an element a ∈ L is called ad-nilpotent if there exists a positive integer n such that [l, n a] = 0 for all l ∈ L. When n is the least integer with the above property then we say that a is ad-nilpotent of index n.
Let X ⊆ L be any subset of L. By a commutator of elements in X, we mean any element of L that could be obtained from elements of X by means of repeated operation of commutation with an arbitrary system of brackets including the elements of X. Denote by F the free Lie algebra over K on countably many free generators x 1 , x 2 , . . . . Let f = f (x 1 , x 2 , . . . , x n ) be a non-zero element of F . The algebra L is said to satisfy the identity f = 0 if f (l 1 , l 2 , . . . , l n ) = 0 for any l 1 , l 2 , . . . , l n ∈ L. In this case we say that L is PI. Now, we recall an important theorem of Zelmanov [Zel90, Theorem 3] that has many applications in Group Theory.
Theorem 3.1. Let L be a Lie algebra generated by l 1 , l 2 , . . . , l m . Assume that L is PI and that each commutator in the generators is adnilpotent. Then L is nilpotent.
Let G be a group and p a prime. In what follows,
denotes the i-th dimension subgroup of G in characteristic p. These subgroups form a central series of G known as the Zassenhaus-JenningsLazard series (this can be found in Shumyatsky [Shu00, Section 2]).
. Then L(G) can naturally be viewed as a Lie algebra over the field F p with p elements. The subalgebra of L(G) generated by D 1 /D 2 will be denoted by L p (G). The nilpotency of L p (G) has strong influence in the structure of a finitely generated group G. The following result is due to Lazard [Laz65] .
The following result is an immediate corollary of [WZ92, Theorem 1].
Lemma 3.3. Let G be any group satisfying some non-trivial identity. Then L(G) is P I.
For a deeper discussion of applications of Lie methods to group theory we refer the reader to [Shu00] .
Proofs
We need the following result, due to Shumyatsky [Shu05] .
Lemma 4.1. Let p be a prime and G a residually finite group satisfying some non-trivial identity f ≡ 1. Suppose that G is generated by a normal commutator-closed subset X of p-elements. Then G is locally finite.
The proof of Theorem 1.1 is now easy.
Proof of Theorem 1.1. Recall that p is a prime, G and H are groups acting compatibly on each other such that [G, H] satisfies some nontrivial identity f ≡ 1. Suppose that G is residually finite and for every g ∈ G and h ∈ H there exists a p-power q = q(g, h) such that [g, h ϕ ] q = 1. We need to prove that every finitely generated subgroup of the non-abelian tensor product [G, H ϕ ] is finite. We first prove that the subgroup [G, H] is locally finite. By Lemma 2.3, the set {g −1 g h | g ∈ G, h ∈ H} is a normal commutator-closed subset in G. Since for every g ∈ G and h ∈ H the element g −1 g h is a p-element and the subgroup [G, H] G satisfies some non-trivial identity, it follows that [G, H] is locally finite (Lemma 4.1).
Let 
Proof. Since every tensor in ν(G) has order dividing p m , it follows that every commutator in G has order dividing p m . In particular, the group G satisfies the identity
By Theorem 1.1, the non-abelian tensor square [G, G ϕ ] is locally finite. Since the derived subgroup G ′ is an homomorphic image of the nonabelian tensor square [G, G ϕ ], it follows that G ′ is also locally finite. Now, it follows from Lemma 2.5 that ν(G)
′ is also locally finite.
Corollary 4.3. ([BR16] ) Let p be a prime and G a residually finite group satisfying some non-trivial identity f ≡ 1. Suppose that for every x, y ∈ G there exists a p-power q = q(x, y) such that [x, y ϕ ] q = 1.
Then the derived subgroup ν(G)
′ is locally finite.
Proof. Since G satisfies some non-trivial identity, it follows that [G, G] = G ′ also satisfies the non-trivial identity. By Theorem 1.1, the nonabelian tensor square [G, G ϕ ] is locally finite. Since the derived subgroup G ′ is an homomorphic image of the non-abelian tensor square [G, G ϕ ], it follows that G ′ is also locally finite. The corollary now follows from the result of Schmidt just as in the proof of Corollary 4.2. Now we will deal with Theorem 1.2: Recall that G, H are groups that act compatibly on each other, G is residually finite and the subgroup [G, H] satisfies some non-trivial identity. Suppose that every tensor [g, h ϕ ] is left n-Engel in η(G, H) for every g ∈ G and h ∈ H. We want to prove that the non-abelian tensor product [G, H ϕ ] is locally nilpotent.
We denote by N the class of all finite nilpotent groups. For each prime p, let R p be the intersection of all normal subgroups of G of Lemma 4.4. Let G be a finitely generated residually-N group. If G/R p is nilpotent for each p, then G is nilpotent.
We are now in a position to prove Theorem 1.2. 
where
It is sufficient to prove that T is nilpotent. Since finite groups generated by Engel elements are nilpotent [Rob96, 12.3 .7], we conclude that T is a residually-N group. As a consequence of Lemma 4.4, we can assume that T is residually-p for some prime p. Let L = L p (T ) be the Lie algebra associated with the ZassenhausJennings-Lazard series
of T . Then L is generated byt i = t i D 2 , i = 1, 2, . . . , s. Lett be any Lie-commutator in thet i 's and t the group-commutator in the t i 's having the same system of brackets ast. By Lemmas 2.3 and 2.4, every group-commutator of the t i 's is n-Engel. It follows that every Lie-commutatort is ad-nilpotent. By assumption, the subgroup [G, H] satisfies the identity f ≡ 1. According to Lemma 3.3, L satisfies some non-trivial identity. Now Theorem 3.1 implies that L is nilpotent. Let T denote the pro-p completion of T . Then L p (T ) = L and thus L p (T ) is also nilpotent; consequently,T is a p-adic analytic group by Theorem 3.2. Hence, T has a faithful linear representation over the field of padic numbers. Since [G, H] satisfies some non-trivial identity, it follows that T does not contains a free subgroup of rank 2 and so, by Tits' Alternative [Tit72] , T is virtually soluble. As T is residually-p, we have T is soluble. According to Gruenberg's result [Rob96, 12.3 .3], the subgroup T is nilpotent, as well. The proof is complete.
We have been working under the restriction that [G, H] satisfies some non-trivial identity. In the context of the non-abelian tensor square of groups, this condition appears implicitly by the Engel condition assumption.
Corollary 4.5. Let n be a positive integer. Let G be a residually finite group. Suppose that every tensor is left n-Engel in ν(G). Then the non-abelian tensor square [G, G ϕ ] is locally nilpotent.
Proof. Since every tensor is left n-Engel in ν(G), it follows that every commutator is left n-Engel in G. In particular, G satisfies the identity
According to Theorem 1.2, the non-abelian tensor square [G, G ϕ ] is locally nilpotent.
We note that the above result gives a positive solution for Question 1.3 in the context of the non-abelian tensor square.
